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Abstract. Thispapertries to describea naturalframeworkfor thecanonicalequiva-
lence betweenderivedcategoriesofgradedmodulesoversymmetricand exterioral-,
gebra, whichhasbeenestablishedbyJ. N Bernstein,I. M GelfandandS.I. Gelfand.

INTRODUCTION

In their beautiful note [BGG1] J. N. Bernstein, I. M. Gelfandand S. I. Gelfandes-

tablisheda canonicalequivalencebetweenderivedcategoriesof gradedmodulesover
symmetricandexterioralgebra(whichmaybe called<<derivedcategorybonson-fermion
equivalence>>).Ourpaperis a mereattemptto describea naturalliving areaof thissub-

ject.
Namely,weconsiderdifferentialgradedalgebrasthatsatisfysomenaturalconditions

(we call them mixed algebras).For any mixed algebra A onedefinesthenew mixed
algebraA, calledKoszuldual to A (thecohomologyof A equalsto Ext’s of A with
simplecoefficients).ThederivedcategoriesD(A),D(A) (ofdifferentialgradedmod-

ules)arecanonicallyequivalent(<<Koszul duality>>). The Koszul dual to a symmetric
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algebrais anexteriorone, whenceBGG equivalence. Herealso the Koszul quadratic

algebras,introducedby Priddy [P], naturallyarise.

What are the most interestinggradedalgebras?The vast important supply comes
from geometryof mixedsheaves.Namely,thecategoryof mixedperversesheaves,lisse

alongcertainstratification,is naturallyequivalentto somecategoryof gradedmodules

(this explainsourattachmentto theterm <<mixed>> for suchsortof categories).Unfortu-
nately, wedo notknow anygeometricinterpretationof Koszulduality atamoment.

How to constructthese<<geometric>>algebrasexplicitly? The very intriguing sub-

ject is the caseof Schubertstratification. HereonegetstheKoszul quadraticalgebra

whichseemsverymuchto beself-dual.Thecorrespondingcategoryis themixedversion

of Bemstein-Gelfand-Gelfandcategory C [BGG2] that lies in theorigin of Kazhdan-

Lusztig algorithm. In thenextpaperwe planto applythetechniquedevelopedbelowto

mixedrepresentations.

Notealsothat thereis a varietyof extremelybeatiful algebrasof Yang-Baxterbreed

(seee.g. [D], [Ma]); it would beveryinterestingto relatethemwith <<geometric>>alge-

bras.

The papergoesas follows. The‘§ I containssomepreliminarieson homological

algebrain thespirit of [BBD], §1 — 3; it hassomeoverlapswith [BK]. The §2 treats

theKoszulduality in thecontextof filtered t-eategories.Thesamesubjectis considered

in §3 from differential algebrasview-point; this sectionwasinfluencedby C. Moore’s

report[Mo]. in §4 we considertheimportantparticularcaseof quadraticalgebras,and

§5 containssomeeasyexamples.

We owemuchto B. Feigin, S. Gelfand,S. Khoroshkin,M. KapranovandM. Kont-

sevichfor a lot of valuablediscussions.We arevery grateful to all of them.

NOTATIONS AND CONVENTIONS

0.1 Fora categoryC r E C meansx E ObC;C°~denotesthe opposedcategory.A

full subcategoryD C C is calledst.rictlyfullif zE D,y x implies y ED.

0.2 Let D c C be asubcategoryof an additivecategory. D~-(resp. ~LD) is thefull

subeategoryof C whoseobjectsaresuch x E C thatfor every p E D

Hom(y,x) = 0 (resp., Hom(z,y) = 0).

0.3 ForanadditivecategoryAC(A) denotesthecategoryof complexesover A. For

a E ZC~°(A) (resp.,C�0(A)) is in full subcategoryof such x e C( A) that i’ = 0

for i> a (resp., i <a). C~(A)= C~°(A)flC~(A); C~(A):= C°°(A).We

alsousesometimeshomologicalnotation: for r E C(A) we put x~:=

Gr(A) is thecategoryof gradedobjectsover A (a full subcategoryof C’(A) of

complexeswith zerodifferential); Gr(A) = Gr(A) fl C*(A) where * = +, —, b, arc

standardboundednessnotations.

For aring k M(k) := acategoryof left k-modules; C’(k) = C’(M(k)), etc.
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0.4 Let (D,D~°,D�°)be a t-category, [BBD], 1.3.1. We put D°~:= D�0 fl

D_<L~, D° := D~’°(a,b E Z). In particular, D° is coreof t-structure.
Recallthat a t-structureis t-non-degenerateif the following equivalentconditions

hold

(i) flD~°= flD~ 0

(ii) An object x E D equalszero iff it is acyclic i.e. H°(x) = 0 for any a E Z.

A t-structureis called t-boundedif thefollowing equivalentconditionshold:

(i) UD~°= UD~°=
(ii) The t-structure is t-non-degenarateandany x E D hasonly finitely many

non-zeroHG(x).

(iii) D is generated(as triangulatedcategory)by its core.
If (D, D�°,D�°) is a t-category,n E Z, then D[ n] denotest-category (D,

D~°[n], D�°[n]).
0.5 Considera sequenceof categoriesandfunctors

(*)

We will say that (*) is exactsequenceif either

— C’s are abeliancategories:then i is equivalenceof C1 with Serresubcategory
of C and p is equivalenceof thecorrespondingquotientcategorywith ~

—C’s are triangulated:then i is equivalenceof C1 with saturatedsubcategoryof
C andp is equivalenceof the quotientcategorywith C2.

If C’s are t-categorieswe will saythat (*) is t-exactifit is exactandboth i and p
are t-exact functors.

0.5.1LEMMA. If(*) is t -exactsequence,thenonehas

(C~°,C~°)=(i’C<~°,i~C>—°), (C~°,C~°)=(pC~°,pC>-°)

(C~°,C~°)(
1i(C~°) flp (C

2)~°),i(C~°)
1 flp’(C

2)~°).

This meansthat if (*) is exactsequenceof triangularedcategories,then
— given i-structureson C1, C2 thereexistsat mostone t-structureon C suchthat

(*) is t-exact.
— given t-structureon C onehasat mostone t-structureson C1, C2 suchthat(*)

is i-exact. In fact, to havethem it sufficiesto verify that either (i~C�°,i~’C�°) is
a t-structureon C1 or (pC~°, pC�°) is a t-structureon C2. If so wewill say that

thesei-structuresare inducedby the oneon C.
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If (*) is t-exact sequence,then thesequenceof cores —~ M —~ M2 is also

exact.Conversely,givenaboundedt-categoryCwithcore M, and M1 —* M —* M2
isexactsequence,thenitcomesfrom uniquet-exactsequenceC1 — C —+ C2 namely;

C1 is trianguled subcategorygeneratedby M1, C2 = C/C1.

if (‘i’) is t-exact sequence,then C is boundediff both C1, C2 are; samefor non-

degenerateproperty.

1. HOMOLOGICAL PRELIMINARIES

1.1 Semisimpletriangulated categories

1.1.1 Recall that an abelia.n category A is called semisimpleif every short exact se-

quence in A splits. If every object in A has finite lenght then A is semisimpleif

everyits objectis a direct sumof simpleones.
Wedenoteby IrrA thesetof isomorphismclassesof simpleobjectsof A.

1.1.2 Let D be atriangulatedcategory.Call adistinguishedtrianglein D split if it is
isomorphicto a triangleof theform

(1.1.2.1) a ~ b —~ c —~ c~a[ I] —* a[ I] ~ b[1]

O~id~

whereallarrowsarex~y—’z~y--~y~z.

1.1.3LEMMA-DEFINITION. Let D be a trianguledcategory. Thefollowing conditions

are equivalent:

(a) D isabelia.n.

(b) D is abelian semisimple.

(c) Everyarrowin D is ison~orphicto an arrow of the form

id0~0:a~b—4a~c.

(d) Everydistinguishedtrianglein D is split.

When theseconditionsaresatisfied, we saythat D is semisimpic.

1.1.4 Let A be an abeliansemisimplecategoryand [1] : A —~ A an automorphism.

Let uscall a distinguishedtrianglein A atriangleisomorphicto (1.1.2.1).Thisdefines

on A a structureof a semisimpletriangulatedcategoryand every semisimpletriangu-
latedcategorycomesthis way.

1.1.5 EXAMPLE. Let A be a semisimpleabeliancategory. Then D*(A)(* = 0 +,

b) is equivalentto Gr*(A); it is semisimpletriangulatedcategory.

In fact,every z fi D is canonicallyisomorphicto ~ H’( z).
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1.1.6LEMMA. Let D bea semisimpletriangulatedcategoryequippedwith a bounded
t -structure with the coreA. Then D is canonically equivalentto Db(A).

1.2 Stepsand ladders

1.2.1 DEFINITION. A stepis atriple of triangulatedcategoriesconnectedwith exactfunc-

tors

Cs. ~

(1.2.1.1) U~D~V
Cs. ~.

suchthat

— a (resp.,~3’) is left adjointto a’ (resp.,/3);
— adjunction maps Id ~ —~ a’a. and /38. —~ Id ~ areisomorphisms(i.e. a, and /3.

are faithfully full embeddings).
— a(U) = ‘(/3(V)); /3(V) = (a(U))’ (consequently,a(U) and /3(V)

arestrictly full saturated subcategoriesof D);

— a’ (resp.,/3’) inducesequivalenceD//3,(V) .-~U(resp., D/a~.(U) -~V).

Clearly U ~ D -~-* V and V -& D ~÷ U are exactsequences(0.5), and the step is
uniquelydeterminedby eitherof them.

Usually wewill identify U, V with their imagesin D.

Sometimeswe’ll drawastep(1.2.1.1.)in areflectedshape

~ Cs.

(1.2.1.1y V~D~U
p. ~

Notethat becauseof the direction of arrows no ambiguity arises.
In the opposedcategory weget theopposedstep:

pOPP cs’opp

(1.2.1.2) V°~ D°~ U°~
/9opp

An n-step ladderis a diagramof the form
101
-) —4

102
4— 4—

‘p3
-3 --4

U D : V fornodd,

4--

or
‘PI
-3 -4

102
4— 4—

103
—4 -3

U : D : V forneven,
‘1’55,-1

4— 4—
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suchthatforevery~ formsastep(intheform(1.2.l.I)r for ~
even).

1.2.2 If wehaveastep1.2.1 thenfor every x E D adjunctionmapsfor anexacttriangle

aa’ :t —+ X —4

Conversely,

1.2.3 LEMMA. (cf. [BBD], 1.4.4., [V], §2, n. 3). Let U, V C D be strictly full

triangulated subcategories of a triangulatedcategory,such that U C’ V andfor every

x e D thereexistsa distinguishedtriangle

(1.2.3.1) u-4~r—v—9tz[l]

with u E U, V E V. Then

(a) (1.2.3.1)isuniqueup to acanonicalisomorphism
(b) adiagramof inclusions

Cs.

UD4—V
p.

maybeuniquelycompletedto a step,i.e. a (resp.,/3,) admitright (resp.,left) adjoint
a’(,8’) satisfying1.2.1

We leavethe proof the reader;noteonly that for x E D a’( z) and /3(z) arejust

u and v in (1.2.3.1).

1.2.4 COROLLARY. Let U —~ D be a strictly full triangulatedsubcategory. Suppose

that for every x E D there existsa distinguishedtriangle u —) z —f V —4 U [I] (resp.,

v—4x--4u---3v[1]) withuEU,VEU’ (rcsp.,vE~LU).ThenU—*D4—U1
(resp. -‘-U —f D ~- U) may be completed to a step

U~D~U’ (resp.’U~~D~U).

1.3 Filtered triangulated categories

1.3.1 DEFINITION. A filtered triangulatedcategory,or f-categoryfor short, is a trian-
gulatedcategoryD togetherwith a setof strictly full triangulatedsubcategoriesD<

0,

D>0,aEZ, suchthat
(Fl) for all a E Z D<0 C~D<0~1and D>0 j
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(F2) foralla aEZ D<aCD>a (here D>a:=D�o+i);
(F3) for all a ~ Z, x E D, z maybeincludedin anexacttriangle

(1.3.1.1) y—~’x—-4z—~y[1], yED<0,zED>0

We also call this dataan f-structureon D. We will saythat D (or f-structure)is
f-non-degenerate if flD<0 = flD>0 = 0, and f-bounded if D = UD>0 = UD<za.

Any f-bounded categoryis f-non-degenerate.
Let C, D be f-categories,and F : C —~ D be exactfunctor; wewill say that F

is f-exact if F(C<0) C D<,~,F(C>0) C D>~for any a E Z.
If D is f-category and n E Z we denoteby D(n) — the f-shift by n— the

f-structure on D giventhe formula (D(n)<0,D(n)>~) (D<0÷~,D>0+~),and by
D°~~the f-category (DOPP,D~P,D~P),D~P:= (D>_0)°n’.

Let (D, D<0, D>0) be an f-category.Thenfor all apair (D<0, D>0) satisfiesthe
assumptionsof 1.2.3. Functors D —~ D�0,D —~ D>~adjoint to inclusionswe shall
denotew<,s, w>0 andcall funetorsof truncationby filtration; by 1.2.3they areexact.

For a,b E Z put D0b = D>~fl D<~D0 := D00 for every a,b D0b with the

inducedfiltration (D0~fl D<1 V0~fl 2)>,) formsan f-category.

1.3.2LEMMA. For all a < b
(a) onehascanonicalisomorphismof funetors

W�aW<b~-4W<bW�a : D —~ D~,1

(b) canonicalprojectionsinduceequivalences

D<b/D<0_I ~-.D0,b.-4D>0/D>b+I

Weput gr0b W>aW<b = W<IW>a; gr0 = gr00.

1.3.3 Let bean exactsequence(*) (0.5) of triangulatedcategories.Assumethat C, C,

areequippedwith f-structures. We will say that (*) if f-exact if i, p are f-exact
functors.In this caseonehas(cf. 0.5)

(Ci<a,Ci�a) = (~~
1C<a,~~’C�a),

(C
2<0,C2>0) = (PC<o,PC�a)

(C<a,C�a)=(P~’C2<afl’~Ci>a,P~’C2�afl(~Ci<a)’)
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An f-exact sequence(*) definesexactsequences

(*)~ C10 —~ C0 —4 C20

Conversely,assumethat C is bounded f-category. Thenany set (*)~of exact
sequencescomesfrom unique f-exact sequence(*) (just put C1 to bethe triangulated

subcategoryin C generatedby {iC1 ~}).

REMARK. In [B 11 theterm f-category>> wasusedfor the f-datawith someadditional

structures.

1.3.4Finitenessaxiom

Considerthefollowing conditionson a f-categoryD:

(FR) for every i the functor w<, : D —~ D<, admitsaright adjoint I, : D<, —p D;
(FL) for every i the functor w>, : D —~ D>, admitsa left adjoint P, : D>, —* D;

(F) =(FR)& (FL).
Usually theweakeraxiomshold:
(FR)’ for every a,b E Z the f-categoryD0~satisfies(FR). Similarly for (FL)’

(F)’.

1.3.4.1LEMMA. FR implies(FR)’ .~ thefunctor I, for Dab equalsto w<~I,ID, . Sa.rne

holdsfor (FL). ,

COROLLARY. Assume that (FR)’ holds. Then the functors ‘(a sb) : D0, —#

adjoint to w<, arecompatible:for a < a’ <i < b’ <b onehas

‘
Ta,i,b( D

0,~)C
1R

0’,b’

‘o,i,bID0~~= ‘a’,ib’ W<~,Io,b =

sarneforP.

1.3.4.2LEMMA. If D satisfies(FR)(resp.,(FL) then a canonicalstep
tD<i

D D>,+
1

-

maybeembeddedin atwo-stepladder

—3 —9

D<~ ~-‘ D ~—

Ii
—4 -3
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(resp.,

4— 4—

—~ D -~ D,~1) .

4— 4—

1.3.4.3LEMMA. Assume that D isan f-categorysuchthat all D0 aresemisimpleand

each object of D0 hasfinite length. Then (FR) / propertyis equivalent to the following

conditions:
(i)R forevery a,b and x E IrrD0, y E Irr D6 Hom(y,z) isEnd y-moduleof

finitelength;

(ii) R foreverya, b and x E IrrD0 thereexistonlyfinitelymanyy E InDb such
that Hom(y,x) ~0.

Similarly, (FL)’ is equivalentto (i)L’ (ii) L’ obtainesfrom (i) R’ (u)11 replacing
Hom(y,x) byHom(x,y).

Proof Werestrictourselvesto theimplication (i) R&(ii) R=~ (FR). Firstsupposethat

= b—i. For z E D0, put u = ~ (HomD(y,z)E,,,~V®~)E D~(cf. 1.1.1.2).Let
~E1rrD,

f: U —4- x beacanonicalmorphism,and

(*) uLz~v~u[1]

someexact triangle. One verifies that v e D~,thusby 1.2.3 (*) is unique; so for

x E D0,~weput I,( x) = v. Iteratingthis construction,weobtain I, forevery i.
Dually, P is constructedfor i = a usingcanonicalmap g : x —+ ~ Hom~d~,

yEIrrD0
(HomD(x,y),y). .

1.3.5Dual filtration

Let D bean f-category satisfying(FR).

For a E Z put

Dv—
. flV_T ffl

— ~—a’ ~‘-‘�0 — i_ak ~

Similarly, if (FL) holdsthenput

V ~ \ V —

<0 �—~‘�—~~‘‘ �—a —

From 1.3.4.2 immediatelyfollows that in sucha waywegetnew f — structures on

D, whichwe call right and left dual to the initial one.
Clearly,wehave D = V(Dv) = (VD)V
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1.3.6Canonicalresolutions

1.3.6.1 Let us call a complex ... —÷ x~-~ z’~-s... (asequenceof morphismswith

d2 = 0) in atriangulatedcategoryexact if it may beembededinto acaterpillardiagram

_-~ x1’1’1 ..., xi+2

C/E\C/E\C/E\C

4- ~,+I ~. ~i+2

where ÷~- denotesamorphismof degree1, in which all triangulesC arecommutative

and E exact.

1.3.6.2 Let D beanf-categorysatisfying(F)’. Fix a,b E Z,a < b. For a < i < b
put Pg~= P~~r

1‘92 = I~tr~(cf. 1.3.3). Wehavefor z,y E D0~

HomD5(Pg,(r), y) = HomD(gr,x,gr,y) = HomD ,(z, Ig,(y)).

Put P0 (x) = ~ Pg,( z). Let P0 ( z) —~ x be a canonicalmap inducedby e,

Pg,(x) -~ x correspondingto id : gr,x —i gr,x. Moregenerally,for 0 < r < b — a

put

Pr(~1;) = ~ Pg,0Pg, . . . Pg, (x)

For 0 <j <r wehavemaps

Pg~Pg~ . . . Pg~~ Pg~. . . Pg~. . . Pg~

equalto Pg~0.. . ~ .. . Pg,. They induce : Pr(Z) P~,.,1(z);put

d= d’~= ~(—l)~8~ : —* P~1.SowegetacomplexinD0~
) 0

P = P ( x) z: 0 ~~0( z) ... P0(x) z 0

Dually, put

1(z) ~ Ig, o Ig~ o . ..o Ig~0(x)

anddefine

1(z) : 0 z I°(z) ... 1~°(z) 0

1.3.6.3LEMMA. Thesecomplexesare exact.
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Proof Inductionon b — a, using1.3.4.1Forexample,we havew�~P(z)= (...0 —÷

W�bX= W>bX —# 0); and W<bI ( P,~(x)) may beincludedin anexacttriangle

P’(w<~1x) —4 w<6,,i.P (x) —~ P (w<~..iPg~(z)).

1.4 Filtered t-categories

1.4.1 LEMMA-DEFINITION. Let (D; D<0, D�0) be a filtered triangulatedcategory,
(D<° , D�°)— a t-structure on D. The following conditions areequivalent

(a) For each a the categories D<0, D�0 carrya (unique) t -structuressuch that both
canonical sequences D<0 —~ D —i D>0, D>a —~ D —+ D<0 are t -exact;

(b) all w>0,w<0 are t-exact.
Whenthese conditions are satisfied we say that the t -structure is compatible with

the f-structure,and D a filtered I-category,or ft-category for short. .

1.4.2LEMMA. Let D be an ft-category,M becoreofD.
(i) For any x E D there exists unique isomorphismbetweencanonicaldiagrams

—, T>01 —4 W>,T>OX

T I I
w<,z —4 x —# w>,z

T I I
W<,T<0Z —4 T<0X —4 W>,T<0z

and

T>OW<,X —3 T>0X —4 T>OW>IX

I I I
1ii<,x —4 z —4

I ~1’ I
T<0W<,X —4 r<0z —4 T<aw>jX

thatinducesidentity on thecentralcross. Henceon verticeswegetcanonicalisomor-
phismsoffunctors r<~w>, = w>, ~ , etc.

(ii) The functors gr0 are I-exact.
(iii) One has w<0M, w>0M C M.
(iv) For any z E M one has canonical short exact sequence 0 —i w<0x —4 x

w>0z —# 0 ; hencethe objects z E M are equipped with the canonical filtration w<0z
andany morphism in M is strictlycompatiblewith this filtration.
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REMARKS. (i) If D is f-bounded,then1.4.2 (ii) is equivalentto conditions1.4.1; if

D is I-boundedthen 1.4.2(iii) isequivalentto 1.4.1.
(ii) If D is an ft-categorythenso areall D0~with inducedstructure.
(iii) Wewill call an fl-category ft -boundedif it isboth f- andt-bounded;afunc-

torbetweenft-categoriesis ft-exact if it is both f- andt-exact.
(iv) Consideranexactsequence(4-) (0.5) of triangulatedcategoriesequippedwith

f-andt-structure5; assumethat is both f-andt-exact. Then if C is ft-category then
both C1,C2 are.

1.4.3DEFINITION. A filtered (or f-) abelian category is anabeliancategory M suchthat
eachobject X M carriesa canonicalincreasefiltration w.,w,(X) = X<, such that

anymorphismis strictly compatiblewith w..
We will also call this data an f-structure on abeliancategory M. The equiva-

lent way to define f-structure is to give two chainsof full subcategories... C M<,

C M<~~1C ~ M>, ~ M>,4-1 ~ ..., of M suchthat M<, =-‘- M>,+1,
= M~~1 suchthat for any X E M, i E Z thereexistsa short exact sequence0
X,<, —p X —* X>,4-1 —* 0, X<, e’ M<,,X>,~1E M>,~1(onehas X<, = w,(X)
and M<, consistsof X ‘s with w,(X) = X). Saythat M is f-boundedif M =

IJM<I = UM>, and f-nondegenerate if flM<, = nM>, = 0. If F : M —~ N
is a functorbetweenf-abelian categorieswe say that F is f-exact if it is exactand

F( M<,) C N<~,F( M>,) C N>,. Onehas
(i) If D is ft-category, then its core M is f-abelian categorywith M<, =

D<, fl M.
(ii) If M is f-abelian category,then D( M) is ft-category(the t-structureis

standard,D(M)<~:= D(M<,)
(iii) For a I-boundedI-category D with core M, (i) defines1-1 correspondence

betweenft-structureson D and~f-structureson M (sinceD<, is generatedby M<,)
whichpreservesthe propertiesof being f-boundedand f-nondegenerate.

(iv) Let M1 -~÷M -~ M2 beashortexactsequenceof abeliancategories.If M, M,

areequippedwith f-structures,thensaythatit is f-exact if both i, p are f-exact func-
tors. Any f-structureon M defines(uniquely)the f-structureson M1,M2 suchthat

thesequenceis f-exact; call themtheinducedstructures.Similarly, let D1 -~ D -~ D2
be a short exactsequenceof categories.If D, D are ft-categories,then wesay that

it is ft-exact if it is both f-and t-exact. If D is a I-boundedft-category, thenit

defines(uniquely)theft-structureson D, suchthat the sequenceis ft-exact.

1.4.4EXAMPLE. Let A be an abeliancategory,D = DF( A) its boundedfilteredde-

rivedcategory([I] ch. V, § I, [BBD], 1.1.4ExampleI); weconsiderfinite increasingflu-
trations ... C F0 C F0..1 C .... Now D hastwo natural f-structures(“ D<0 ,~‘ D�0)
and(SD<,sD>), given by formulas AD< := {X : gr~(X) = 0 for i > a},
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AD> := {X : gr~(X)= 0 for i < a}, SD< := {X : F,(X) = 0 for i < —a},
SD> := {X : F(X) = 0 for i > —a}. Note that theA f-structureis f-bounded,

while the S one is not (it is boundedfrom the right andnon-degenerate).Onehas

D5<
0 = AD> D~0C AD<, in particular the S f-structure is right dual to the

A f-structure(1.3.5).
Also D hastwo naturalI-structures(in fact, D is equivalentto boundedderivedcat-

egoryof the correspondingcores). The first one(AD�O,A D~°)is AD�O := {X

H’(Gr1X) = 0 for i > ~j}, A~>O := {X : H’(Gr,X) = 0 for i < —j}; its
core coincideswith the categoryC

1’( A) embeddedin D by formula C ‘.. (C~ f)
whereF

0 is stupid filtration: F0(C)’ = 0 for i < —a, F0(C)’ = C’ for i ~ —a

(cf. [BBD], 3.1.7). Thesecondt-structure(SD�o,S D�°)was definedin [BBD], (1.3.
2.3.); its core is categoryof generalizedfiltered objectsin A. It is easyto seethat A

f-and t-structuresare compatible;sameholdsfor the S ones. Both ft-structureshave

naturaltwists by I: in A caseit is (
1A : (X, F

0) ~— (X [I], ~0) ,G0 = F01 [1], in S
caseitis~3: (X,F0) ‘—+ (X,C0),C0= FOl,(bA —~~[ll~

This is a startingexampleof Koszuldual ft-structures(see3.6.5).

1.5 Glueing

Let
ii
-4 -9

V D U
—4 -9

beatwo-stepladder. Considerthe correspondingexactsequence

(*) U~#D!~#Vof exactcategories.

1.5.1 LEMMA. (i) For anyt-structureson U, V there exists (a unique) I-structure on D
such that (*) is t -exact (see 0.5.1).

(ii) For any f-structures on U, V there exists (a unique) f — structure on D such that

(*) is f-exact (see 1.3.3). .
Here (i) is [BBDI, 1.4.10,1.4.12;(ii) maybeprovedin asimilarway.

1.5.2 Let D bean ft-categorysatisfying(F). Considerthe following diagram

D< )o!.~~? D ‘~—~‘ D
(1.5.2.1) ~_0 . .
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Here3~’,~ arenaturalinclusions;;,~‘ = w<0 i~= w>0 f~=

1o~Zo? = P

0, etc.
Putk0 =i0j0 : D0 —‘D>0 —#D; ka=faia : D—#D0,.=*,!,or?.

Ourt-structureon D inducesI-structureson all D0, see1.4.4.
Conversely,let p: Z —i Z be anarbitrary function(<<perversity>>).Put

= flk:~(D~(0)), D~°= flk~(D~0));

dually,put

= flk~(D~01), P~°= flk~(D~P(0/).

Iterating 1.5.1, as in [BBD], 2.1.3, we conclusethat (DP�°,DP�°)and (PD<°,
PD�°)areI-structureson D. We’ll denotethem tP and~t.

1.5.2.2 Whenp 0 thentheset-structurescoincidewith the initial one.

1.5.3 PROPOSITION.If p doesnot increasethenbothabovet-structuresare compatible
with the filtration.

1.5.3.1LEMMA. An arbitrary I -strucureon D iscompatiblewith the filtration 1ff all k
aret-exact

Proofof1.5.3.Letusprovefor examplethat t~is compatiblewith thefiltration. Wehave
to provethatk is tn-exact.By definition, k~(DP<°) C D~°.Let z E D~°,b < C.

Let us provethat k~’zE D~�°by induction on c — b. First,D~°= fl k~’D0 C
b<a<c

k~1D~~= ~ sincep is non-increasing,and by 1.5.2.2. Hence,k~’zE ~

sincek~’is I-exact.Further,fromexacttriangle~ X —p U) —-4 ~ iz arid induction

assumptionwededucethat k~z~ VP(b) SinceJ!VP�O C D~°.Hencek(VP�°) C

vP�
0 .

1.5.4 If q: Z —i Z is another function then (~P)~=

2. MIXED I-CATEGORIES AND DUALITY

2.1Mixed t-categories
DEFINITION, a. A mixedabeliancategoryis aboundedfilteredabeliancategoryM such

thateachM
0 is semisimple.

b. A mixed t-category is an ft-boundedft-categoryD such that the following

wedgeaxiomholds:
(W)Foreacha,bE Z,z E M0,!,, E M~onehasHom~(z,y)= 0 fori > a — b

(HereM= D° is core of D).
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c. A pure ulinctorbetween mixedcategoriesisanf-exactfunctor(casea)orft-exact

functor(caseb).

We will call a mixed I-categoryfinite if it satisfies(F) (1.3.4),andoffinite typeif
(F)’ holds.

2.1.1 LEMMA, a. The core of a mixed t-categoryisa mixedabelian category.
b. The bounded derived category of a mixed abeliancategoryisa mixedt-category.
c. Let D1 —~ D —‘ D2 be an ft-exact sequence and D ismixed. Then D1 , D2 are

mixed. •

2.1.2REMARKS. (i) Thedefinition a,caretakenfrom [BMS],which containsthe reasons
forusingtheterm<<mixed>>.

(ii) (M) is equivalentto thepropertyvD�o C
(iii) Comparethis with [E],0.1, whereoppositeinequalitiesareconsidered.

2.2Cohomologicalamplitudes

Let D be anft-categorysatisfying(F) (1.3.4),a E Z. Considerthecanonicalladder

(1.5.2):

D ‘-4 D> -91
(2.2.0) —a j*.j! ~ —Q

On D<0, D>0 we considertheinducedI-structures.Then

2,3! are I-exactby definition,
(2.2.1)

are t-exact;

j~,i’ areleft t-exact,
(2.2.2)

2? are right t-exact.

Letus prove,forexample,thatj,(D~) C D�°.
By [BDD], 1.3.4 (b) .D�°= D<°

1solet x E D<°,y ~ D~°.Hom(x,j*y) =

Hom(j*z,y) = 0 by2.2.1,andwearedone.

2.2.3LEMMA. If D isa finitemixedI-category,thenfor b < a < c one has

(a) j~(D~) C
/ �0 \ >a+I—c

t .i ~ ~ C �c
/ ~ .7/ J’.)>O\ fl>0C

i ‘...‘-‘<~.‘ C.L.~<Q

/.4~ ~I( fl�°\ r,�a—b+II C ~~‘>0~1
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Theproofreducesto thecaseb a — 1,c = a+ 1, wheretheeasyargumentsimilar to

1.3.4.4doesthejob (notethatc& d follow from a& b and exacttriangles~, ~?z —‘ x —p

—9Z —4)~f’Z). .

2.3 PROPOSITION.LetD be a finitemixedI-category,p: Z —p Z bea functionsuch

that p(a + 1) � p(a) + 1. Then the t-structure t~(ci 1.5.2)is compatiblewith the
filtration(D<V0, D>v0 (1.3.5), andp~— with(’~’D<0,~’D>0).

Proof Letus prove, forexample,the first assertion.By 1.4.1 (d) we haveto provethat

(in notation1.5.2.1)i0i~aretn-exact.Theyareleft t~-exactbydefinition; soit remains
to verify that i0i~DP<_O C DP�°.Every x E DP�° is anextensionof ~!i E D<~

1’~.By

2.2.3 (d) i~x~~ D_<P(~0~ C D�TJ(0) (for b � a; for b < a one has ~ = 0). It
follows thati~zeD~°.

2.4 THEOREM-DEFINITION. Let D be a finite mixed I-category. Put

= (D’~’<—°,D~°):=

Vt (VD�O , VD~O) := (PD�°,PD�°)

where p(a) = a, a E Z. Then

(
7~V<O ~V>O. ~V ~V

‘~~~‘<0~ >~

and

,-V~<Q Vñ>O.V~ Vj-~
,‘ , J_, , )_-,�0, �0

define on D two newstructuresof a mixedI-category. We’ll denotethemDv and V D

and call right and left Koszul dualto the initial mixed structure.
D’~’ (resp.,VD) satisfies(FL) (resp., (FR)) and we have

V(DV) V(D)V = D.

If M is amixed abeliancategory,weput M” = Db(M)vo; VM = (vDb(M))o

Proof By 2.3 it remainsto provethe wedgeaxiom,which follows from 2.2.3(a), (b).

2.5 REMARKS
(i)Foranarbitrarypput~(a)= p(—a)+ a;~r p. Thent~=~(t’~); ‘~t= (“t)~.

Onehasp(a + 1) � p(a) + 1 iff~is non-increasing,cf. 2.3 and 1.5.3.

(ii) I-structureson D0 = D~0inducedby t andt’~differ by a shifton a,and analo-
gouslyfor °D.

(iii) Onehas(D°P~)’~= (vD)oPP,(D(a)[bpo = DV(_a)[b_ a].
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2.6 PROPOSITION.LetD1 —f’ D -~ D2 be an ft -exactsequenceoffinite mixedcate-

gories. Thenit maybeembeddedin a canonicaltwo-stepladder
V1

4— 4-

D1 -~D-~~D2
1),
4-— 4-—

TheexactsequcncesVj) ~i1+vD~#vD1 D~~ areft-exact.

Sketchoftheproof Notethatan arbitraryf-exact functorC —~ C’ is uniquelydeter-
minedby its restrictionson all C0. Sothe construct,forexample,~,, it sufficesto know
its valueson Irr( Dx). It is notdifficult to seethat for L E Irr( D~)icE := j0,L is good
(cf. 1.3.6)

2.7 Now supposethat D is a mixed I-categoryof finite type.

2.7.1 ForzE D put suppx= {(a, b) E Z x Z gr0Hb(z) ~‘ 0}
For(a,b) E Z x Z put

Tob_{(i,9)EZxZI)>b;3_b<j_a};

TOb = {(i,j) E Z x Z j< b;b—j <a—i}.

2.7.2 DEFINITION. lim D (resp.,lim D) is thecategorywhoseobjects arcsequences

= {x0 E D<0}0~z(resp., {z0 E D>a}0~~)together with transition maps c°0b

—~ x6, a < b, such that ç°~c°0b= co0~inducing isomorphismsXO--9W<QXb (resp.,
W�bXo—*Xb),and suchthatthereexists(p,q) ~ Z x Z (dependingon z) suchthat for

all a supp x0 C 2~(resp.,suppz0C ~.,,q). A morphismf: x —~ y is a setof maps

f0: x0 —~ y0 suchthat fb’,o06 =

lim D andlim Dsatisfyall theaxiomsof amixedI-category,exceptforboundedness

of I-structure. Forsucha categoryD set D
1 to bethefull subcategoryof x with finite

support. .

2.7.3 By 1.3.4.1and wedgeaxiom one hascanonicaldiagrams
Jo!

-3 —9

Jo . ~o.
D<

0 4— lim D ~— (lim D)>0



334 A. A. BEILINSON, V. A. GINSBURG, v.v. SCI-IECHTMAN

(limD)<0 ~ limD ~ D>0

Jo~
4— -9

Define dual filtrations:

V(ljm D)<0 = i03(lim D)>0, V(1~ D)>0 =

(lim D)~0= 2..0?D>_0, (lim D)~0=

Constructionof (2.4) yields new I-structures: t’~on lim D and
t’t on lim D; we get

(unbounded)mixed t-categoriesV lim D, urn D’~.
Finally, put

D’~= (lim D’~)1 VD = (“urn D)1

These aremixed t-categoriesof finite type which wecall right and left Koszul dual

to D.

2.7.4 Wehave”(Dt’) = (“D)” = D.

2.8 Let M be an abelianmixed categoryall whoseobjectshavefinite length, I =

IrrM. Fora,~3E I put P( ~ := ~( —l)’rkExt ‘(a, /3), whererk is thelength of

an(End/3, Enda)-bimodule.(Variant: if M is k-categorythen i-k = dimk) So weget
anI x I-matrix P(M).

2.8.1.LEMMA. P(”M)P(M) =-P(M)P(M”) = I~ .

3. DC-ALGEBRAS LANGUAGE

In theremainingpartof thetext we fix a basefield k; all thevectorspacesand cate-

goriesaresupposedto bek-linear.

3.1 Let Sbe a set. An S-algebraA consistsof finite dimensionalvectorspacesA
33

givenfor all .s~~2 E Stogetherwith associativemultiplicationA33 x A3233 —~ A3133
wealsoassumethatAisunitary, i.e. thealgebrasA33haveunitsl~and 131f = f 132 = f
for f ~ A33. Notethatif S is finite, thenS-algebrais thesameas usualunitaryalgebra
A togetherwith decomposition

1A = >ISES 13, where 1~= 13, l~1~= 0 if s~~“ ~

(just put A
3182 = 13,A132, A = ~A332). Similarly onedefinesdifferential graded

S-algebras(DGS-algebras);asusuallywewill consideranyS-algebraasDGS-algebra
(placedin degree0), andfor a DGS-algebraA onehasS-algebraH°(A’).
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Assumethat weare givena functionw : 5 —‘ Z (called weight);put S1 = w~(i).
It definesthe gradingon a DGS-algebraA : put A, := ~ A3132A0~ =

3~,82E.5’

~ A88. We will say that A’ is an f-algebraif A, = 0 for i > 0; that A’ is an
w(3, )=o

w(82)=b

ft-algebraif,in addition,A’ = 0 forj > 0;thatA isdiagonalifH~(A)= 0 for,�0.

3.1.1 DEFINITION. (i) A DGS-algebraA is 0-semisimpleif it is of ft- type, A0 =

H°(A0) = ~A33,andeachA33 is semisimplealgebra.
(ii) A DGS-algebrais mixedif it is0-semisimpleandA~= 0 for j <i. •

HenceanS-algebraA is mixed if A1 = 0 for i > 0 and A0 = ~A33 is semisimple.

3.1.2. REMARK. Saythat A’ is 0-simpleif it is0-semisimpleandeachA33is simplealge-

bra. Sincein 3.1.1.and belowit is weights,andnotS-grading,whichareimportant,we
canconsidereach0-semisimpleS-algebraas0-simple I-algebra;whereI = UIrrA38.

If A is an S-algebra,then (a left) A-moduleX is aset {Xs} sa3of vectorspacesto-
getherwith associativemultiplicationsA33 ® X32 —~ X81, 13 —4 id~(if S is finite
this is a usualA-moduleX : putX3 = 13X etc.). Similarly, for a DGS-algebraA’ we
havehaveDC-modulesX. In whatfollows wewill assumethatourA- andA-modules
arefinite dimensional(i.e. X8 are zerofor all but finitely manya E 5,~E Z, and each

X3 is finite dimensional).Denotethe correspondingcategoriesM(A), C(A) respec-

tively. If A’ is f-algebra,C(A) containsfull subcategoriesC(A’)<0 = {X’ : =

0 if w(s) > a},C(A’)>0 = {X’ : X3 = 0 if w(s) <a}.

For M ~ C(A) weput M0 = ~ M3. Similarly categoriesof right A-modules
w(s)=u

M(Ay,C(Ay etc. aredefined.

3.1.3EXAMPLE. Let A = ~ A1 be a 2-gradedalgebra.Itdefinesa 2-algebraA with
j�7L

A~= A~1.A-modulesare the sameas ordinarygradedA-modules.

3.2. Derivedcategories

3.2.1 LEMMA-DEFINITION (ci [I], ch. VI, n. 10). LetA’ bea DCS-algebra.Call a map
f: M —i N inC( A-) a quasi-isomorphismif allf~: lvi; —p N8 arequasiisomoiphisms.

LetD(A) be the localizationofC(A) with respectto thesetofall quasiisomor-
phisms. This is a triangulatedcategory. If A’ if an f-algebra,thenlocalisingC( A)<0,

onegetsthe categoriesD(Ai<0, D(A)>0, whichdefine the f-structureon
D (A). If A is an ft-algebra, then,in addition, D( �° = {X - : H’( X) 0 for
i > 0), D( A) �‘~= {X’ : H1( X ) = 0 for i < 0), define the 11-structureon D(A)
with core M( H°(A-)). It is ft -bounded and satisfies(F’) (1.3.4). If A- is a mixed

DC-algebra,thenD (A)ismixedcategory.
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3.2.2Functoriality

LetS,T be sets,A(resp.B’) bea DG S(resp.T)-algebra.If f : S —‘ T is a map,

then an f-morphism F : A —* B is just the collectionof mapsF33 : A33
B~(3)f(32) compatiblewith multiplications.It definestheexactfunctorF’ : C(B)

C(A’),F(X)3 = F(13)Xf(3), hencethe exact functor F : D(B’) —~ D(A). If
A, B’ are f(fI) -algebras andf preservesweights,then F’ is f (resp.,ft)-exact.

3.2.3. Let A be0-semisimpleDOS-algebra,andS1 C S bea subset;put~2 =

It definesa SerresubcategoryM5 C M( := M(H°(A))) that consistsof modules

supportedon S~(notethat if A’ is 0-simple,see3.1.1.1.,then eachSerresubcategory
of M hasthis form), thecorrespondingthick ft-subcategoryD~C D( := D( A’)) and

theft-quotientDS2 := D/D5 with core M’~2:= M/M8.

Let A
52 be the DG 5

2-algebraA~= A3~ for .s,t E S2,i : AS2 —p A be the
embedding.We get theft-exactfunctori’ : D(A) —p D(As’2).

3.2.3.1LEMMA. i’ inducesan ft-equivalence DS2 .~D(AS2).

Theproofgoesalongthe samelines asin 2.6. •

3.2.3.2NOTATION.Fora,b~ ZputS(a,b) = {a E SIa < w(a) < b) CS; C0b(A) =

C( A)s(Ob), D0b(A) = D( A)s(Ob), M( H°(A) ~ob M(H°(A) ~s(o,b)~

3.3 From categoriesto algebras.

3.3.1 LEMMA. LetA beasemisimplealgebra,S a setof isomorphismclassesofsimple

left A-modules-,forE3 E Sput D3 = End A( L3); let M bea right A-module.Then the

naturalmap

M— ~HomD(L$,M®AL,)

3ES

is an isomorphism.

3.3.2.LetM beasemisimpleabeliank-category.Saythat M is k-finite if lrr M is finite
and for any ~ ~ M onehasdim, End X < oo. Recallthat a fiber functorisan exact
functor~: M —p M( k) suchthatforeverynonzero E M, ~ ~ 0. Evidently,such

a functoralwaysexists,thealgebraA~,:= End‘p is semisimple,and,by 3.3.1 a natural
functor

M—’M(A,~),M’—+’p(M)

is anequivalenceof categories.
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Let D bea finite semisimpleI-category.Call a fiber functorforD a fiber functor~

for its core M = D°. It defines a

çb= ~~‘: D —~GrM(k)

q~’=q5oH’.Put~,= ~

3.3.3 Now supposethat D is anft-categorywith all D0 finite semisimple,andthat for

everya afiberfunctor~ forD0 isgiven. Wegetthe functors~ : D —~ M(k),
q~(Cr0X).

3.3.3.1 PROPOSITION.Supposethat D = D(A) for a 0-semisimpleDC-algebraA.
Considerthenaturalfiberfunctorsçb0 := (underlyingvectorspace)for M( A00). Then

for anya, b, i,j theobviousmaps

(3.3.3.2) H’(A0~) —~

are isomorphisms (ci [BMS], 2.1.2).

Proof Let us constructan inversemap. Consideran objectM E C(A) with M0 =

A0b ®A~ M&(a < b) for somefixed Mb ~ M(Abb)[ ~j] that containswith non-zero
multiplicity a representativefrom every s E IrrA1,~,.PutD = End~(M~).From 3.3.1.
follows that

H’(A0~) -~HomD(~( M6), ~I+)( M0)),

so, given a naturaltransformationq~—+ q~J,we get an elementof H’(A0b). This
definesaninversemap to (*), .

3.3.4 COROLLARY. In thesituation 3.2.2assumethatf: S~-9T, F0 : A0 —‘ B0 are
isomorphisms, andA, B are0-semisimple.ThenF’ isequivalenceif F isquasiisomor-
phism.

In particular, ifA isanft-algebra,ande : A —i H°(A) a naturalprojection,� isan

equivalenceiffA - isdiagonal. .

3.3.5QUESTION. Whetherany ft-categorywith semisimpleD0’s comesfrom certain
ft- algebra?
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3.4 Standard functors

3.4.0 Let A bea 0-semisimplealgebrawith A’8 = 0 forj ~ 0,a ~ S.Fix somea,b, c e
2, a < b < c.

Onehas evident restrictionfunctorsMab(A) I— M0~(A),M0~(A)-~-~M~1~(A).

3.4.1 This diagrammaybeuniquelycompletedto a diagram

1. ‘7

M0b(A) J!J7 M0~(A) Mb+l,C(A)

I 1!

-9 —9

withanupperarrowleft adjointto a (neighbour)lowerone.
Explicitly:

(j,M) = ,f M~, forp E [a, b], (iM) = ~ M~ forp E [b+ l,c],~ I,. 0 otherwise - ~‘ L 0 otherwise

(i
7M)~= Coker i~q<cAT~® AqqMp —‘ M~)

(i~M)~= ker (M~—~ ~ HomA (Agp,Mq))
o<q-~(b

M~ forpE [a,b],

ker( ~ HomA ,(Agp,Mg):4
= gato,b]

a<q,<q

2<b~1~I (Aq,q2 ®Aq1q2 ~ Ma)) forp � b + I

Coker( ~ A ®A A q ®A Mg ~
b-i- I ~ <~J2<C q, 2 q~q2 2

~ A ®A Mg) forpE[a,b],
b+1<q<c pg qg

M~ forp�b-i-1

3.4.2 Exactness

i~f~,i,j areexact;J’~, ~, areleft exact,j~,i’ right exact.

If a b (resp.b + I = c) then5, (resp. i7) is exact.

3.4.3 Onehascanonicalexactsequenceswith adjunctionmapsas arrows:

(a) 0~j,f!M_,M_+i,i*M~0

(b) 0 i1jMMj,jM
(b)°i?i

7M — M —~j
9j

7M—30

(cf. [BBD], 1.4.1).
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3.5Bar-construction

In thisn°we’ll constructcertaincanonicalrepresentativesfor thederivedof functors
from 3.4. Weassumetheconditions3.4.0to be satisfied.

3.5.1 Leta,cE Z; a <c, ME M0~(A),NE M0~(Ay.
Definea complex

B.(N, M)3b E C0~O(k) as follows.

Put

N ®A A ®A
POPO oTh pip,

(3.5.1.1)
A®4 M,

p2,_Ipi_1 P~-~lP~-,,-,,. P.
Let : B~(N,M)0~ —~ B11(N,M)0~be inducedby, respectively,N~®A~~—.#

forj = 0, A~~1~ —# A~,.2for 1 ~ 5 < i —1, Ar,,, ®M~.—.# Mi,, for

5 = i — 1; putd= ~(—l)’~~ : B1 —* B11.

3.5.2 Dually, for M,N E Mac(A), defineB( N, M)0~E C°c_a( k) withcomponents

B’(N, M) = ~Hom~ ~ 0 A~ ... ® ~ ®~ Ni,.,M~0)

Wehave

(3.5.2.2) H
1B(N,M) = Ext’M(A)(N,M)

3.5.3 More generally,for a < b < c, let

B,(N, M)(o;b,c) C B.(N, M)
0~

(resp.,B’ (N, M)( a,b;c) C B (N, M)0~)bethesubcomplexwithcomponentsof thesame
form as(3.5.1.1)(resp.,(3.5.2.1))but with the summationextendedoverall a ~ Po <
...<p~<c,withp1>b(resp.,p,i’(b).

3.5.4 Let A~denotetheA-bimodule with (A~)~= A~, and (A~)1 = 0 for i ~ p.

LEMMA. LetM E M0~(A).Theleft derivedofj
7 (resp.,right derivedofi1) maybe

representedbythecomplexU’1 M E C~’°(A) withcomponents(U7 M)~= B, ( A
7)~,,

M)(a;b+I ,c)’ a ~ p � b; and multiplication

Ap®(UI’1M)q —~ (Ui’1M)~

inducedbyA~0 ~ —# A~,(resp.,Ri! M E C°’~”(A); (Ri’ M)~=

M)0b;C, b + 1 <p < c; andmultiolicationinducedby

O Horn ( 7)~p,0 . . .0 A7),q’ M~3)—i Hom ~, o . . . o A7),1~,, M7)0)).
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EXERCISE.Define R5M E CO~0(A); Li7M E C~’~
1’°(A)forM E M(Aab)

(resp.,ME M(Ab+I~)).

3.5.5 More generally,let A be an arbitrary 0-semisimpleDC-algebra.ForN, M E

C’(A) the formulasof 3.5.1- 3.5.3 definesomedouble (or triple) complexes;let B,
(N, M),... etc. be the correspondingsimplecomplexes.

The construction3.5.4 definesfunctors j’? ~! betweenderivedcategories. If A is
mixed,thenthesameestimationon the lengthof complexesasin 3.5.4holds, soweget

amplitudes2.2.3!

3.6Koszul duality

Let A be a mixed DCS-algcbra.

3.6.1 Define a new DCS-algebraA as follows. First, theweight function ~: 5 —* 2
for it will be ~ := —w.

Further,put A,,, = A

33. For a1,a2,w( a1) = a < b = w( a2) put

A,,23, = B’(A,,, , A, ,2)ab~b — a+ 1]

whereA3, denotesan A-bimodule with (A,,)3 = A33, (A,,)~ = 0 fort ~ a.A3, has

naturalleft A,3 and right A3, -modulestructures.Next notethat B‘(A,,,,, A,,232) is

nothingbut asimplecomplexassociatedwith a(b — a — 1)-fold complexof length 1 in
eachdimension((b — a— 1)-dimensionalcube).This structureinducesnaturalpairings

A3,~2 ® A3283 —~ A,,83

Soonegetsa mixed DC-algebraA which is calledKoszuldualto A.

3.6.2LEMMA. Onehascanonical-quasiisomorphismA —* A.
Weleave theproofto thereader(cf. [Mo]).
Thecaseof neighbouringweightfollows from

3.6.2.1LEMMA. LetA0 , A1 besemisimplealgebras,M — a leftA0 - andright A1 -modu-
le (i.e. left A0 ® A~’

7)-module).Thenonehas canonical isomorphisms of left ~ 0
A

1 -modules

Hom~(M,A0)~‘ HomA (M,A1) HomA,®Aow(M,AO OA~);

herein the first (resp.,second,third) term we considerhomomoiphismson left A0 -mo-

dules(resp.,right A1 -modules,left A0 0 A?~~-modules).
If A0 , A1 arek-algebrasovera fieldk, thentheseA0

0~OA
1 -modulesare isomorphic

toHomk( M, K) with the inducedA~® A1-modulestructure.
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3.6.3 Now definecanonicalfunctors

(*) D(ALb,_
0~-D0,b(A) ~D(A)_b,_,

Namely,forM E C0b(A), a <p < b, put

LA(M)P = Ui~M[p — b] 1~~C’(k)

rA(M)P= R1~M[p—a] j

where : [pp] —# [pb]; i~: [pp] ‘—# [api, and Lf,Ri’ are as in 3.5.4, 3.5.5
A-modulestructureson LA( M), rA( M) is definedin the samemanneras the multi-
plication on A in 3.6.1.

After derivation,onegets (“).

3.6.4TI{EOREM(i) Onehascanonicalisomoiphismoffunctors.

LA 0 7’~4~ 7~OL~ 1c’ D(A),,

(weidentifyD( A) with D( A) using3.6.2),sor~,LA areequivalences.
(ii) The equivalenceLA (resp., rA) transform the canonicalmixedstructure on

D(A)_b,0 into vD(A)b (resp.,D(A)~.

3.6.5EXAMPLE. (S-A-duality,onevariable).Let A01 = k, A01® A~—~ A0~= identity.
ThenonehasA01= k; A0IOAk —# A0~=identityifa = borb = c,andzero

otherwise.D( A) = D(A) is justDF( M( k)); M( A) = generalizedfiltered objects;

M(A) = C’(k) (cf. (1.4.3)).

3.7 Let Abe amixed DC-algebra.In notations3.2.3 putA~: ¶)(Av
3) = ((VA)52)V

(hereAV = “A := A) Then3.2.3and2.6 imply that onehasa canonicalft-equivalence
D(As)~D( A

52).Notethatif A is diagonalthenA52 neednotbe diagonal.

QUESTION. WhetherD( B) for an arbitrary mixed DC-algebraB is ft-equivalentto

D(A52) for somediagonalA?
All mixed I-categoriesweknow comethis way.

4. KOSZUL CATEGORIES AND ALGEBRAS

4.0 LetD beaboundedt-categorywith thecoreM. Wewill saythat D isofderivedtype

if Ext~, is generatedby Ext 1 i.e. for anyx, p E M and c~E Ext ),(x, y), i > I, there
a1 a2 a-) a-

existsasequencex= —“i —‘.. —-9 ;I -
4x

1 = y,z~E M,a1 E Ext (z~1,x~)
suchthat a = a1 o . . . a~.Equivalently, this meansthat the cohomologybifunctor



342 A. A. BEILINSON, V. A. GINSBURG, V.V, SCI-IECHTMAN

ExtD on M° x M is effacableby eitherof variables,i.e. for any z,p E M, a E

Ext~,(x, y), i > 1, thereexistsan injective morphism~ : p —+ z in M such that

o a = 0. Notethat for anyI-categorythereis (unique)morphismExt ‘M ~ Ext D of

cohomologybifunctorsof M°x M (hereExtM := Ext D’(M))~ which is identityon
M andD is of derivedtype iff thismorphismis isomorphism.If onehasa realisation
functorr : D1( M) —# D (i.e. anexact functorwhich is identify on M), then D is of

derivedtype iff r is equivalenceof categories.

4.1 Let D bea mixed t-categorywith thecore M. Say that

— D is of v-derivedtype if for anya,b E 7, x E M
0, p E M1 onehasExt~

(x,y) = 0 ifi~a—b

— D is Koszulis it is bothof derivedand v-derivedtype.

4.1.1LEMMA. Assumethat D is of finite type,hence“D, D” aredefined.
a. D is ofderivedtype1ffeitherofthefollowingholds:

(i) Thefunctorsi7 : D~0—~ lim D are t-exact.

(ii) Onehas”M,[—a] C lim M.

Samewith dual conditions for 5,, M’~.

b. D is ofv-derivedtypeif either“D orD’~ areofderivedtype.
c. D isKoszuliffsuchis”Dor”D.

d. If D isofderivedtype, thenD is Koszulif anyU E M0 admitsin M a resolution
P1 —‘ P0 —‘ U —i 0 suchthat P1 isprojectivecoveringofa weighta — i object. .

REMARKS. D is of v-derivedtype if (D~0, “D~O)is t-structureon D (cf. [El).

Fromnow on wewill assumethat ourcategorycamefrom a 0-simpleDO S-algebra

A : D = D(A); for a E S let L, be thecorrespondingsimpleobject. HenceD is of

derivedtype if A is diagonal(in this casewe will alwaysassumethat A = H° (A)),

and D is of v-derivedtype iff A is diagonal. We will say that a gradedalgebraA is a
Koszulone if D(A) is Koszul category;by 4.1.1 the dual algebraA is also a Koszul

one: then

A,,32 = Ext~31~”~~’(32)(U, U,2).

4.2 We will say that a mixed algebraB is quadraticif it is generated(over B0) by

B_1 with only relations in B_2. So to define a quadraticalgebraoneshould takea

semisimplealgebraB0, a B0 -bimoduleV, and a sub-B0-bimoduleW C V o V. The
correspondingalgebraB, = B0 [V; WI is thequotientof the tensoralgebraT(V) =

T~(V) ~, T(V)~= V ®~,~ V (i times) by the ideal generatedby W C T(V)2
(henceV = B1, W = Ker(B1 ® B1 —* B_2)). Now 3.6.4 implies
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4.2.1 LEMMA. If A’ isdiagonalalgebra, thenH°(A) is quadratic. Explicitly, H°(A) =

A0[A~1A~2],whereA~2c...# A~1® A~1isdualto multiplicaitionmap.

In particular Koszul algebrasare quadratic. Below we will seethat the abovedefini-
tion of Koszul algebrasessentiallycoincideswith theoneof Priddy[P], seealso[Lö}.

4.3 Clearly 4.2.1 implies that A ‘—‘ A! := H°(A’)is an involution onthecategoryof

quadratic algebras;call it naive duality. The Koszul algebras arejust the quadratic ones
for which naivedual coincideswith Koszul dual.

REMARK. ForanalgebraA consideran S x S-matrix P~A)3,= rkA33, whererk
is length of A,,, x A,232-bimodule.Then2.8 implies that if A Koszul, then P(A)
P(A!) = l,~.Wedo notknow whetherthis numericalKoszulpropertysuffice for A to

beKoszul.

4.4 For a quadraticalgebraA put K’ K’(A) := Homlight A_mod(A .

l~)where I, E A0 is projectoron weight —i component. These K’ are (A,A’)-

bimodules.Define the differential d : K’ —~ K~ by formula df(u) =

here v• E A1 v~E A~1= Al aredual basises:~ v~® v1 = id E Horn rightA0 -mod

(A1,A1) C A~0 A~.Clearly,d is morphism of bimodulesand d
2 = 0; this is Koszul

complexof A. Note that K, consideredasA-module,hasnaturalgradingK” := Horn
(l~÷

1A!l~,AL~).Dearly d : K” —* K’~
1”~’,K”~ = 0 forj > 0,K”° = A~ l~.

HenceK~’is complexof projectiveA-modules,augmentedby K”° —~ A
0 1,.

4.4.1LEMMA. A isKoszulalgebraif K” is resolution of A0.

Proof AssumethatA is Koszul algebra.Considerthe resolutionK” (4.1.1d) of the
moduleA0 . 1,. It is easyto seethat it is exactly the Koszul complexdefined above,
henceK” is acyclic. Conversely,if Koszulcomplexis acyclic, then K, = K 1~is
resolution of U, (4.1.1 d). .

4.4.2 Let A be a Koszul algebra,A be its dual. If A if finite dimensional,one has

canonicalequivalenceof categoriesD(A) ~ D( A) ~ D(A) that correspondto iden-
tifications D(A) “D(A), D(A) ~ D(A)” (in generalcaseone should worry a
bit aboutfinitenessconditionsfor modulesand complexes,see2.7). To define this

equivalenceexplicitly, considerthe KoszulcomplexK” for A with reservedmultipli-

cation(eachK” is (A,A)-bimodule,projectiveasA-module). It is easyto seethat the
equivalenceD(A) —.~ D(A) that correspondsto D(A) = D(A)” is givenby formula

C’ ‘—‘ K” 0 C’; onedefinesthesecondequivalencesimilarly.
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A particularcaseis BCC-duality [BCC1] (seeintroduction); for other important
examplessee[K]. Note that this equivalence,as Delignenoticed,resemblesFourier

transform: e.g. it transformprojectivemodules(<<constantfunctions>>)to irreducible

ones (<<8-functions).

4.5 Let A = A0 [ V, WI be a quadraticalgebra,henceA,, = T( V) ‘7 ~
1<i<n~ 1

whereW,~’:= V®’~0 W0 V®’
1 C T(V)”.

To formulatethenext lemma we will needa bit of linearalgebraterminology. An

n-tuple (oflinear subspaces)U = (U; U

1,... , U,,) consists of a linear space U and its

subspaces U1, ... , U,, C U. The n-tuplesform a groupoid with direct sum operation:
(U;U1,...)e(V;V~,...)= (U~V,U1 ~V1,...).Rankofn-tuple(U;U1,...) is

dim U.
An t-tuple is called distributive if either of the following equivalent conditions hold

(i) it is isomorphicto a sumof rank I n-tuples
(ii) U1,..., U,, generateadistributive latticeof subspacesin U.

Now wemay formulate.

4.5.1 LEMMA. A. is Koszulalgebra if! r~= (T(V)~ Wa,... , W,!’_1 )is distributive

(n— 1)-tuplefor eachn.

Proof A bit moreaboutn-tuples.A n-tuple is indecomposableif it is not isomorphic
to a sumof a non-trivial n-tuples.Saythat a propertyof n-tuplesis additiveif it holds
for the sum U1 ~ U~if it holds for each U1, U2. Clearly, thedistributivity propertyis
additive. To verify that two additive propertiesareequivalentit suffices to do this for

indecomposablen-tuplesonly.

EXAMPLE.Atriple(U;U1,U2,U3)isdistributiveiffU1 fl(U2 + U3) =(U1 flU2)+

(U1 flU3).
(Sinceanyindecomposabletriple is eitherof rank I or is 3 different lineson aplane.)

LetU = (U;U1,...,U,,) beann-tuple.For—n—I < i <0 putK’ = K’(U) :=

U1 fi ... fl U~_1/(U1fl... fl ~ fl (U~~1+ U~~2+ ... + U,,); henceK~~’=
U1fl...flU,,,...,K

1=U/U
2+...+U,,)C°=U/U1+...+U,,.Theobviousmaps

d: K~—p ~ makeK’ acomplex;call it Koszulcomplexof U. SaythatU is acyclic
if K(U)’ is acycliccomplex.Theexampleaboveshowsthat acyclicity is equivalentto

thefollowing condition:
(*) The triples (U; U1 fl ... fi U1, U,~1,U,~2+ ... + U,,), i = 1,... ,n — 2, are

distributive.

Saythatn-tupleU= (U; U1,..., U,,) ispredistnbutiveif n— l-tuplesU-, := (U; U1,

...,CT~,...U,,),i l,...,n,aredistributive.

Clearly bothacyclicityandpredistribuitivity areadditiveproperties.
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4.5.2LEMMA. n-tupleisdistributiveif it isbothacyclicandpredistributive.

It is easyto seethat 4.5.2 implies 4.5.1 Indeed,K(i-”) is just the degreen com-

ponentof K’( A). HenceA is Koszul algebraif all ~ ‘5 areacyclic. Now notethat
predistributivityof T~follows if one knows that T’ ‘S are distributive for i < n (since

= T’ ® r” in obviousnotations).So4.5.2 proves4.5.1 by inductionby n.
It remainsto prove4.5.2. The<<only if>> is trivial; theonly thing is thatacyclicity&

predistibuitivityimply distributivity.
The following notationswill be convenient.Givena n-tuplev = (V; V

1, . .. , V,,),

say that a subspaceA C V is splittingfor V if thereexistsB C V suchthat A ~ B =

V, (A fi V~)+ (B fi V~)= V~forany i. HenceV is indecomposableif it hasnoproper
splittingsubspaces.Wewill usethe following easyfacts.Let v be a n-tuple.Then

4.5.2.1 The subspace V1 fi... fi V~,or V1 + ... + V~,is splittingfor 1) if it is splitting
for n—i-tuple(V;V,~1,...,V,,).

4.5.2.2 Assumethat(V1fl...flV~)fl(V~1+...+~.)0andV1fl...flVissp1itting
for n — 3’ + I -tuple(V; V~,.1+ .. . + ~., V3.~,..., V,,) . ThenV1 fl . . . fi V~is splittingfor

V.
Now let us returnto 4.5.2 So let u = (U; U1,... , U,,) be a predistributiveacycic

n-tuple which is not distributive. We may assumethat 4.5.2 holdsfor i-tuples,i < n
(inductionby n), and that u is indecomposable(additivity). Clearly n ~ 4 andU, are

propersubspacesof U. Onealsohas

4.5.2.3 U1 flU2 = 0,U,,,1 + U,, = 0 (Sincen— l-tuples(U;U1 flU2,U3,...,U,,),
(U; U1,... , U,,~, U,,1 + U,,) satisfy4.5.2,they aredistributive,henceU1 flU2,
+17,, are splitting for u by 4.5.2.1)

Considertwo cases:

n = 4. ThenU1 flU3 flU4 = U2 fl U3 flU4 = 0 (in fact, 4.5.2.1 implies that for an

indecomposablen—tuplevof rank> i onehasV1 +. . .+ ~ = V; V1 fi.. .flV,,1 = 0).
Moreover,(U1 + U2) flU3 flU4 = 0 (since(U1+ U2) flU3 flU4 = [(U1 + U2) fi
U3] fi [(U1 + U2) flU4] = [(U1 flU3) + (U2 flU3)] fl[(U1 flU4) + (U2 flU4)],

by predistributivity,andthe subspacesU1 fi U3,U2 fi U3, U1 fi U4, ~ fi U4 arelinearly
independent by theprevious remark). Hence, U3 flU4 = 0 (sinceby 4.5.2.1it issplitting

subspacesfor u),so U = U3 ~ U4 decomposesu (predistributivity). Contradiction .

n> 4. Note that4.5.2.3impliesthat u remainsacyclicafterarbitrarytranspositions

of U1,...,U,,2, so we may assumethat for certain 1 < i < n— 3 onehas A =

U1 fi ... fl U~~ 0 and eachi + I -tuple from U1,... , U,,2 intersectsby zero. Put

B = U1+1 +. . .+ U,,2 .Then(U; A,B, U,,1 , U,,) ispredistributivequadruplesatisfying
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4.5.2.3(e.g.A fiB = (A fi U,~
1)+ . . . + (A flU,,2) = 0 by predistributivity),hence

acyclic. So, it is distributive,henceA is splitting for u by 4.5.2.2. SinceA ~ 0 we get
contradiction.

5. FIRST EXAMPLES

In this n°weconsider the mostsimpleexamplesof mixed categoriesof geometric

origin.

5.1 Perversesheavesover a disk

Let M be anabeliancategory.

5.1.1 Considerthefollowing abeliancategoriesandfunctors:

i.
-4 -9

(5.1.1.1) M(’rj) L— M(S) -- M(a)
.1.
—9 -9

M( a) = M (<< sheaves over a closedpoint>>)

M(~) (<.~sheavesover a genericpoint>>): Objects: pairs (M E M, N E End M
(<<logarithmof monodromy>>);Morphism(M, N) —~ (M’, N’) is a map f: M —* M’

suchthat fN = N’f.

M(S) (<< sheaves over a disk>>): Objects: (M, E M(a); (M2,N) �
~: M, —~ M” := kerN);

A morphism(M,; M~,N : ~) —p (M; M~,N’ : cc’) is a pair of maps f, : M,

(M~,N)—‘ (M~,N’)~ MorM(~) suchthatf,~ = ‘p’f,.
I!(M, N) = (0; M, N; 0) (exact),
j’( M,; M~,N; ~)= (Mn, N) (exact),
f,(M; N) = (M”; M,N; idMN) (leftexact)

i’(M,;M,1,N;ço) = M,(exact)

i,( M,) = (M,; 0 , 0; 0) (exact)

j!(M; M~,N; cc) = kercc(left exact)
As usually,in (4.1.1.1) anupperarrowis left adjointto neighbourlowerone.

Let D(a),... etc. denotethecorrespondingboundedderivedcategories.

Then(4.1.1.1)inducesthetwo-stepladder

Il

(5.1.1.2) D(~) ~ D(S) ~ D(s)
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5.1.1.3 Wehave Ri! (M8 —~ M,(”) = a simplecomplexassociatedwith adoubleone:

(M, - M~M~)
0 1 2

5.1.2An alternativedescn),tionofD( 5).

5.1.2.1 Let C(S) be a category of triples

(M3eC

1’(M,);(M,

1,N) EC”(M);cc: M8—9K(N)),

wherefora mapof complexes!:A —* B K(f) := C(f)[—l]. Amap f: M —~

is a pair f~: M8 —i M;’; f,1 : M,7 —* M,’, suchthat N’f~ = fUN; K(f,7) = cc’!, . f is

called a quasiisomorphismif soare f,,f~.
PutD( 5) to bethe localizationof C(S) with respectto quasiisomorphisms.(It may

be also obtainedas usuallyin two stepsby localizationof the appropriatehomotopy
category).

TheevidentfunctorCb(M( 5)) —~ ~( 5) induces

D(S) —9D(S).

5.1.2.2LEMMA. The lastfunctorisan equivalence.

5.1.2.3 In termsof b(S),Rj, is convenientlydescribed. Namely, for (M~,N) E

M( i~)

Rj,(M~,N)=(M~(M~,N); co=idK(N))Ei)(S).

5.1.3 Apply theglueingtheorem1.5.1 to theperversityp(a) = 0, p( ‘i) = — I : i.e. put

= {M3 —~ M~: M~E D(~)~’;M E

D(S)V�O = {M~—f M~:M~e D(i~)~
1M —b ~ e

:= D(S)”O (<<perversesheavesovera disk>>)

5.1.3.1LEMMA. M(S)” = {M

8 —‘ M~: M~E D(i7)~ K(ço) E D(s)°}.

5.1.4 ForM=(M3—~M,)EM(S)”put

i,h(M) = H
1(M~) (<<vanishingcycles>>)

cb(M) = H°(K(ço)) (<<nearbycycles>>).

We have natural maps

u : t,b(M) —‘ ~(M) (the canonicalone)

v (<<variation>>) : ç~(M) —‘
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inducedby acommutativesquare

—* 0

j
M~M~

Sowegeta functor

—, {triples ~ ~ E M}

5.1.5THEOREM. Thisfunctorisan equivalence.
This istheusualdescriptionof perservesheavesoverdisk, seeforexample[B2], 3.2.

Proof An inversefunctortakes(~~ ,~)to

0 ~ (~i,vu); cc: 4 -~ ~ ED(S)

Tu . ‘~‘~

U

5.2MIXED CATEGORY O~FOR g = a~2-

5.2.1 In notationsof BOG2 considerthe categoryO~forg = ae2,0 = x being

an integral regularcharacter. It is equivalentto the categorywhoseobjects are pairs

A0,A1 E M(G) and linearmapsA0 ~~A1 suchthat uv = 0; amorphismf: A — A’

is a pairf~E Hom(A~,A~), I = 0, 1, suchthat f~u= u’f0 f0v = v’f1.

5.2.2 Geometrically,O~is equivalentto thecategoryof perversesheavesoverP~with
singularityonly at0 E P~(cf. 5.1).

5.2.3 Now considera <<mixed>>versionof thiscategory.Namely,let M bethecategory
whoseobjects are pairs M = (Me\~,M0~~5,Mev = ~ M21, M0d~~ = ~ M2,~, of

iEZ

gradedvectorspacestogetherwith degree—1 operatorsMe’~~~ MO&I suchthatuv = 0;

in otherwords

M: ...-+M23M2~_1~M2~2-~...,uv=0.

Weput w<,,M = ~ M,. So, M is a mixed abeliancategory,a <<hybride>> of S.- and
~<0

A -modules(3.6.5).
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On M onehastwo symmetries:
.(1) : M —~ Al’ (Tatetwist):M( 1)1 =

* : M.~_9M°PP(<<Verdier duality>>): (‘i’M), =

= v*, *v = U’

5.2.4 Thereexistsalso a one morehyddensymmetry. Namely, it turns out that M is

equivalentto its own Koszul dual! More explicitly, put D = Db( M). Onehascanonical

!t-equivalences

VD~D~DV

RisinducedbythefunctorR: M —~ C”(M) whichtakesM : ... —.

M1-~÷...to

t ~1’

I’,
2

Iv 0

M~ = M1 =

To To
O M0 = M0

0 Tv
M1 =M1=M1

I I

M2=M2

I

I I I I

1 0 —1 2 —w

Here theverticalarrow is differentialin complex,andhorizontalonesare u’sand v’s

of R(M). ThefunctorU is constructedsimilarly.
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